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Abstract 

J/U and decay to mesons are a good place to look for glueballs, hybrids and 
for extracting strange and nonstrange components in mesons. Abundant J/ij: and ijj' 
events have been collected at the Beijing Electron Positron Collider (BEPC). More 
data will be collected at upgraded BEPC and CLEO-C. Here we provide explicit 
PWA formulae for many interesting channels in the covariant tensor formalism. 


1 Introduction 

High statistics data have appeared from BES for J/'^ decays and will soon be available also 
for rjj' decays. Further high statistics data are expected from CLEO[l]. It is convenient 
to have a uniform approach to partial wave analyses. Here we provide one such approach 
using covariant tensor formalism. A similar approach has been used in analyzing other 
reactions[2, 3, 4]. We provide formulae documenting those which have been used for a 
number of channels already published by BES[5, 6, 7, 8, 9] and extend them to further 
channels being prepared for publication. This list of reactions is not exhaustive, but 
formulae are readily extended to other cases following the same methods. 

Reactions fall into two categories: non-radiative decays, where hnal-state particles 
are pions or kaons; all polarization information is then available in the form of angular 
distributions. Reactions of this type are discussed in Section 2. This formalism extends 
also to hnal states containing the a;, where polarization information is measured fully 
by the decay oj 7r+7r“7r°. The second class of reactions consists of radiative decays, 
e.g. J/i\} ^ yTT+TT”. For this class, differential cross sections need to be summed over 
the unmeasured helicities of the photon, incorporating the knowledge that the photon is 
transverse. These reactions are considered in Section 3. 
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2 Formalism for tJj non-radiative decay to mesons 


The general form for the decay amplitude of a vector meson with spin projection of m 

is 

A = ^p^{m)A^^ = '4)f,{m)^AiU^ ( 1 ) 

i 

where 'ipfj,{m) is the polarization vector of the f/f is the i-th partial wave amplitude 
with coupling strength determined by a complex parameter Aj. The polarization vector 
satishes 

3 M 

^ ( 2 ) 

rn=l Pip 

For 'ijj production from e+e“ annihilation, the electrons are highly relativistic, with 
the result that Jz = ±1- If we take the beam direction to the be the z-axis, this limits m 
to 1 and 2, i.e. components along x and y. Then the differential cross section for decay 
to an n-body hnal state is: 


da _ {2af 1 ^ 


d<i.„ 2M» 2 ® 

where My is the mass of ip and d^n is the standard element of n-body phase space given 

n n ^3 

d^niPAPh ■■■Pn)= d^iPii - n (2'Kf2E ' 


by 


Note that 


so we have 


^ ip^{m)ip*^,{m) = + 6^2), 


m=l 


M M = i ^ A, A-1 C/fC/y ^ 1 : y . y 

^ U =1 


( 5 ) 


( 6 ) 




M=1 




where 


Py =pp =AiA-, (7) 

py ^pp (8) 

We construct the partial wave amplitudes f/f in the covariant Rarita-Schwinger tensor 
formalism [10]. As in Ref. [11], we use pure orbital angular momentum covariant tensors 
covariant spin wave functions together with operators g^^, e^iaXa and 
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momenta of parent particles. For a process a be, the covariant tensors for final 

states of pure orbital angular momentum / are constructed from relevant momenta pa, Pb 
and Pc [11] 


7(0) 

= 1, 

(9) 


9f^i'{Pa}^ Bl{Qabc} — ^ fj,Bi{Q abc} j 

(10) 

7(2) 

= - ^{r ■ Qg^,u{Pa}]B2{Qabc}, 

(11) 

f(3) 

= - ^(r ■ f}{g^u{Pa}f\ + gux{Pa}r^, + hl,{Pa}ru}]B3{Qabc}, 

(12) 


with r = ph —Pc- The term (r ■ r) is the dot-product of 4-vectors: — fifi — r 2^2 — ^ 3 ^ 3 , 

and makes traceless. Likewise is constructed to be traceless. Qabc is the magnitude 
of Pb or Pc in the rest system of a, where 


Q\bc — 


(Sa + Sfe — Sc)^ 

4s„ 


Sb 


(13) 


with Sa = El — pI. Then contains the angular distribution function multiplied by 

a Blatt-Weisskopf barrier factor[ll, 12] Qh,cBi{Qabc)- Explicitly 


Bl {Qabc} 


B 2 {Qabc} 


B 3 {Qabc} 


Bi ( Q abc } 


Qabc + Qo 


2 ’ 


13 


Qabc + ^QabcQo + 9Qo 


, 4 ’ 


277 


QL + (^QibcQl + 45gLQ^ + 225g6 


6 ’ 


12746 


QL + log^Q^ + issg^g^ + i575g^,,g^ + iio25g« 


(14) 

(15) 

(16) 
(17) 


Here Qo is a hadron “scale” parameter go = 0.197321/i? GeV/c, where R is the radius 
of the centrifugal barrier in fm. We remark that in these Blatt-Weisskopf factors, the 
approximation is made that the centrifugal barrier may be replaced by a square well of 
radius R. 

If a is an intermediate resonance decaying into be, one needs to introduce into the 
amplitude a Breit-Wigner propagator denoted by 


A°) _ __. 

ml - Sbe - imoRa ’ 


(18) 
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here Sbc = {pb +Pc)^ is the invariant mass-squared of b and c; nia, Tq are the resonance 
mass and width. 

We outline now some further general features of notation, taking as an example the 
two-step process J/ip P 12 In the first step we denote the orbital angular 

momentum by L; in this example L = 1. In the second step, we denote the orbital angular 
momentum by i, which is again 1 in this case. The tensor describing the first step will be 
denoted by The tensor describing the second step will be denoted by The 

orbital angular momentum is constructed in terms of relative momenta, so it is convenient 
to dehne gpj) = Pi — pj. 

Some expressions depend also on the total momentum of the ij pair: p(^ij) = Pi + 
Pj. When one wants to combine two angular momenta (jb and jc) into a total angular 
momentum j^, if ja + jb + jc is an odd number, then a combination e^i^x^Pa with pa the 
momentum of the parent particle is needed; otherwise it is not needed. 

Projection operators will be a useful general tool in constructing expressions. For a 
meson a with spin S and corresponding spin wave function m), what we usually 

need to use in constructing amplitudes is its spin projection operator 



p(2) 


(Pa) 


p(3) 


(Pa) 


p(4) 

^ ^uXcTfl' u' X' <J 


'(Pa) 


m) = = -Pbii^'iPa), (19) 

m Pa 

^ ^ ^UuiPai 9^ip'9iPfi') 1^9 ^1^9 i''•) ( 20 ) 

m Z o 

m 

w. . . ... ... 

g \99fj,iJ.'9iyX'9xi/' T 9iiu'9i/ii'9xx' 

+gbii''9ux'gxii' + gfiX'guu'gxfj,' + giix’gvn>gxv') 

+-^{gfjiugii'u'gxx' + gbiugu'ygxfj,' + gfivgu'ygxu' 

+gtixgti'x'guv' + 9iMx9bt'i^'9uX' + 9^J.x9u'y9Iy^^' 

+guxgu'x'gbitJ.' + guxg^t'u'gtMX' + guxgii'ygtiuj-, (21) 

'y ) iPai {Pai '^) 

m 

H- [pj a', a' permutation, 24 terms)] 

-^[9i^u9pu'9xx'9<Ta' H-(p, z/. A, a permutation, 

o4 

p , v', A', a' permutation, 72 terms)] 

T ^9t>-’^9x<7 T 9fj,x9uij T 9bio9i/x)i^9pi/'9x'a' T 9px'9u'a' T 9fi'(T'9v'X') ■ 
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( 22 ) 

Note that 

■ ■ ■’■'‘‘Baft-.). (23) 

We come now to specific examples of reactions. 

2.1 'Ip TT~^7T~TT^ 

For three isospin 1 particles coupling to an isospin zero particle, the only possible coupling 
for isospin conservation is (Ii x I2) ■ I3, which is fully anti-symmetric in particles 1,2,3. 
This demands that the angular dependent part should also be fully anti-symmetric for 
1,2,3, in order to make the overall amplitude symmetric. For ip 7 r’'' 7 r“ 7 r°, any two pions 
are limited to an overall isospin 1 and hence can only be negative parity states with J 
odd, i.e., = 1“, 3“, 5“ etc. 

For Ip —> p(l“) 7 r —S’ 7 r’'' 7 r“ 7 r°, ip decays to fm in a P-wave; then p decays to tttt also in 
P-wave, hence the amplitude for the two step process is 

up = (Ii X I2) ■ I3 + (1 ^ 3) + (2 ^ 3) 

+ili(g^,i)/g)ili(gp23)]. (24) 

Here we use the convention Ii = (^, ■^, 0) for tt^, I 2 = (:^, 0) for tt” and I 3 = (0, 0,1) 

for 7 r°. This gives (Ii x I2) ■ I3 = —h 

The amplitude can be further simplified in the ip rest system as 

+Bi{Qppi)f^P^^^Bi{Qp2‘i) . (25) 

For any other 1“ intermediate state p', one can get the corresponding amplitude by 
simply replacing the Breit-Wigner component by 

For Ip —>• p 3 ( 3 “) 7 r — 7 r’'' 7 r“ 7 r°, ip decays to in F-wave; then p 3 decays to tttt also in 
F-wave; the amplitude is 

f;, = (Ii X I,) . I 3 ■ /(tl) + (1 « 3) + (2 W 3) 

= ■ /(S) - (1 « 3) - (2 « 3)|. (26) 

Similarly, for ip p^{b~)Ti 7 r+ 7 r“ 7 r°, the amplitude should be 

C/x = (Ii X I,). I 3 + (1 « 3) + (2 « 3) 

= - (1 « 3) - (2 « 3)]. (27) 
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If one considers a small isospin symmetry breaking effect, a free parameter can be 
multiplied into the term corresponding to the intermediate state. 

2.2 ^ K+K-jt^ 

This channel is similar to 7r~^7r~7r^. However, we now need to consider resonances for both 
Kn and K^K~ subsystems. Numbering , K~, 7 r° as particle 1, 2, 3, the possible 
partial wave amplitudes are the following: 


(y; 

= e^i.AaKpM^l(<5yp'3)/q2)^l(<5p'12), 

(28) 


a rj^{3')i^apr{3)\ f{pz) 

— (pgS) ''(12)«/3 ■ i(12) > 

(29) 

K 

^ ^o-rj^i5)uaf3'rS 7(5)\ Aps) 

— ''(12)a/37<5t(12) > 

(30) 

u?<. 


. (31) 

Utc- 

= ■ 0f ’ - (i« 2 ) 1 . 

(32) 

Ur; 

_ , ^o-rXpi5)uaf3'YS 7(5) X Pi . . oV 

— ^puXcrPipi-l- (Kp) ^(13)0/3757(13) 

(33) 

CO 

^ K~7T^7T~ 



For this channel, 0 is reconstructed from two kaons; most possible intermediate states are 
0 plus an isospin zero resonance, /o or 02 , which decays into two pions. The 04 is unlikely 
to be produced, because 0 mass is not far from 004 threshold and the decay requires 
L = 2 between 0 and 04, hence a strong centrifugal barrier. For 0 —(pfj in an orbital 
angular momentum L state, the conservation of total angular momentum requires 

Sp = S + L ( 34 ) 

where 

S = S0 + J. ( 35 ) 

In the following, we use notation < (j)fj\LS > to denote the corresponding partial wave 
amplitude f/f. We number the K~, n~ as particle 1, 2, 3, 4, respectively. Then 
we have two independent partial wave amplitudes for each Jq production. In the general 
formalism, they may be written: 

< 00 o|Ol> = 0(1^2)/( 3 ^v (36) 

< 00o|21 > = tj;)) 0 ( 3 *;. (37) 
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For the very narrow 0 resonance, the £ = 1 centrifugal barrier factor for 0 decay has 
negligible effect on the 0 line-shape and can be dropped. The expression for simplihes 
to 

/(Fm _ _ fJ. 

''( 12 ) “ ' “ y(i 2 )- 

In the last step, we use the fact that and K~ have equal masses. Then Eqs. (36) and 
(37) become: 


< ttlOl > = «a 2 )/(*i 2 )/(M)’" 0 *) 

<#„| 21 > = T'“’„i2)„a(Q„*)/|'*>/;/«>, ( 39 ) 

where is the L = 2 operator 

= (lil2)(l{12) ~ ^(^(12) ■ (1(12))9^"■ (40) 


For each 02 production, there are hve independent partial waves, which we retain in 


their general form: 

< 0 / 2 IOI > 
< 0/2121 > 
< 0/2122 > 
<0/2|23> 
<0/2|43> 


7(2)fiur{l) M) rU 2 ) 
''(34) ''(12)!/! (12)1 (34) ’ 

rj^{2)iMar(2) 

J- ( S.\ h 


7(i)v M) f(h) 

''(34)a!3''(12) 1(12)1 (34)’ 


= e 


Pipa-L 


(<t>h)9 

p(3)Ma/37<5.(p^)T(2) 


o'i^^(34)5 4” ^SXaut 
•( 2 ) 


•(2)A 


7{i)u A<j>) Af2) 


1 O- r(9) 
(34)7JFy''(12) 1(12) 1(34) ’ 


j.v^y 01) f(0) fih) 

(0/2)a/3''(34)7(5''(12)i3l(12)l(': 


'(34): 


_ m(4)Ai!3Acr01) ,(2) ^((ji) r-{f2) 

~ ^(0/2) ''(12)j.l(34)Aal(12)l(34) • 


(41) 

(42) 

(43) 

(44) 

(45) 


There is no established resonance decaying into 07 r. However, there are speculations 
about {ssqq) four-quark states which could decay to (jyn. So here we also give some partial 
wave amplitudes for 0 — Xtt with the intermediate resonance X further decaying to 07 r. 
For X being a p'(l ) state, there is only one independent amplitude since both 0 — p'n 
and p' 07 r are limited to a P wave. 


c/; = 




(l)/3 7(5(7A j.(l) j.(l) r(0) r{p') 


P'3)' 


Pp&^{4>4) 


£\V) f\P ) I Tl. 

''(12) A 1(12) 1(04) + 




r(i) p(0) Ap') 

''(12)Al(12)l(03) 


].(46) 


For X being a 61 (I"*" ) state, there are four independent amplitudes since both 0 —hin 
and hi —> 07 r can have both S and D waves. 


Kss 

^biDS 

^biDD 


~pi2 f(l) f(0) f{bi) I -piy r(l) p(0) p{bi) 

y(123)''(12)i/l (12)1 (123) “T i/(124)''(12)!2l (12)1 (124)’ 


7{2)^lV7(l) 
'^(03) ^{I2)u 
-i(2)//A - 


/, 


( 12 ) 


Abi) . 02)/4I/7(1) A4>) ribi) 

1(123) ''(04) ''(12)!/! (12) 1(124)’ 


rpK^)P^~ f(bl) .rp(2)fMA~ f(<P) £{01) 

-^(bi4) y(123)Aj.012) 1(12)1 (123) ^ (bi3) y(124)Ai20i2) 1 (12) 1 (124) ’ 


(2)pA; 


7(1)!4 1.(0) r-ibi) 


0(2)pA ,(2) .(1)!4 f.(0) l.(f)l) I rp(2)p\A2) .(1)!4 f.(0) l.(bl) 

-'(bl4) ''(03 )Aj^''( 12) 1(12) 1(123) “I" (bi3) ''(04)A!2''(12) 1(12)1(124) • 


(47) 

(48) 

(49) 

(50) 
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2.4 tjj cuK+K- tt+ 7 t- 7T^K+K- 

The formulae for this channel are quite similar to those in the previous subsection for 
the tjj —> <pTr~^Ti~. If we number the 7r°, n~, K~ as 0, 1, 2, 3, 4, then we can 
get corresponding partial wave amplitudes by simply replacing equations of the 

previous subsection by dehned as 

^^ = <A.KP2Po[i?l(apo)/(^2^)5l(Qpl2)+i?l(g.p2)/(^ii?l(Qplo) + 5l(g.pl)/(^(;)i?l( 

(51) 

and replacing by 

2.5 ijj K~^7 t~K~ 7 t~^ 

We label K~^,tt~,K~, 7r~^ as 1,2,3,4. For pao and pa 2 intermediate states, the formulae 
are the same as for (pf^ and 0/2 intermediate states with a trivial exchange between 
pions and kaons. For KK* {KK*7r or KpK), or Tip' K*K intermediate states, the 
formulae are the same as for the up' —> irpir intermediate state with proper recombination 
of particles. For KKl KK*!: or KpK) intermediate states, the formulae are the same 
as for the nbi —> npir intermediate state with proper recombination of particles. So all 
the formulae given in the subsection on (j)TT^TT~ may be applied here. In addition, there 
are many more possible intermediate states. We list additional formulae for some obvious 
large intermediate states. Note for a resonance with the negative C-parity, it decays to 
KyK*^ with a relative minus sign to its charge conjugate state KyKy. 

< k*k;\oi > 

< K*K*\21 > 

< k*k;\oi > 

< k*k;\2i > 

< K*K;\22 > 

< K*K;\23 > 

< K*K;\43 > 

< k;k*'\w > 

< k;k;\i2 > 
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AI^*) A^o) _ 4 .( 1 )/^ AK*) r-{^o) 

^(12)/(12) /(34) ^(34)/(34) /(12) ’ 

rp{2)fiu rr(l) f{K*) AKq) ^1) r-(K*) r-i^oh 

((12)(34)) F(12)!//(12) /(34) ^(34)!^/(34) /(12) J; 


7{2)tiur{l) AK*) AK*) _ r{2),j,u7{l) AK*) AK*) 
^(12)uJ(12) J(3A) ^(12) ^(34:)uJ(34) J (12) > 


''(34) ''(12)!/./(12) 4(34) ''(12) ''(34)1/4(34) 4(12) > 

rp{2)t,a r7(2) ril)u AK*) AK*) ~(2) Al)!' AK*) AK*). 

''((12)(34)) F(34)a!/^(12)/(12) 4(34) ^(12)01/^(34)4(34) 4(12) J 


/IQ/97 rj.{2)5 rr j.(2)A j.(2)A 1 a tA)!^ f{K*) r(K 2 ) 

e i4ya-'((12)(34))/3lF74'o-!/r(34)5 W c5Act!/1(34)^JP^1(12)4(12) 4(34) 

02)A f{2)\ ^^afil),^ AK*) AK*). 

F7Ao-!/''(i 2)5 “T t<5A(Ti/''(i2)7J//V’^(34)4(34) 4(12) i’ 

p{3)fMaP'YSi/( \rp{2) r7(2) 7(1) r{K*) AK^) 7(2) ^1) f{.K* 

^ lFdJ''((12)(34))a/4F(34)75^(12)!/4(l2) 4(34) ^(12)7<5^(34)!/4 (34) 


) Ak*A. 

4(12) h 


.{4)^iu\a r7(l) 7(2) AK*) AK^) 

((12)(34)) 1''(12)i/''(34)Act4 ( 12 ) 4 ( 34 ) 


7(1) 7(2) AK*) AK*2)i 

q34)i/''(12)ACT4(34) 4(12) J 


rpA)r \ f^O f^O I f^O f^O 1 

''((12)(34))[4(12)4(34) + 4(34)4(12)1! 


rj){l) r,(2)it!/ AKq) AK^) I A2)fiu r{^o) r 

''((12)(34))!/h(34) 4(12) 4(34) +^(12) 4(34) 4( 


{2)tiu AK^) AK^). 
( 12 ) 4(34) 4(12) J; 



< k;k; 

< K*K*' 

< K*K*' 

< K*K*' 

< K*K*' 


|32 > 
|10 > 
111 > 
|12 > 
|32 > 


rp{3)fluX rx(2) fi^o) fi^2) _ 1 _ -/.(2) 

((12)(34)) [''(34)!/A1(12) 1(34) ''(12)!/A1 (34) 1(12) J’ 

r(l)a7(l) rfK* fK*' , rK* fK*\ 

^ ((12)(34))''(12)''(34)0 [1(12)1 (34) 't' 1(34)1(12)J) 

fc ''(34) ^((12)(34))7 [1(12)1 (34) 1(34)1(12)J) 

p{2)^^ua^ j;^)^t[5i)^T(^(\^2)(34)). [/(f2)/(f4) + /(fl) ] > 

rJ^{3)^lu\ 7(1) 7(1) rK*' I 

^ ((12)(34))''(12)!/''(34)a[1(12)1(34) T" 1(34)1(12)J- 


( 61 ) 

(62) 

(63) 

(64) 

(65) 


Smaller contribution from KK 2 with K 2 —^ K*n or Kp may needed. The corresponding 
formulae are 

< Kiq(K-^)\22 > = )£“">,124|7ll?4),dh 

-hf.)4d)lAP(234))€“"'^P,334hi)|?j,,d[)J/SVM (66) 

< A7f5aA»|22 > = 

-y™.)„dt3(P(334))f“"'^P(334hi)X4a)J/(S)Vg|. (67) 


Some other intermediate states may also need to be considered. The formulae for ifj 
KK 2 - with K 2 - —^ or K*ti or pK are 


< Kiq.(iqT)\i 2 > = P'"''‘‘'"'’(P(,34))hlj_3).d?„yp(i2))d[f/(‘S)’/,'(§' 

-PPI'‘‘'^7p,.34))T«_y„P£L3(P(34))*lSf/(S)V,l)f^ (68) 

< A7f-_(A7i)|32 > = tA^7)d)L(P(.24))7’'"''™'’(P(.2))dhySV,2f 

-f™(7,P))L(p,334))P'">"‘'“'’(P(34))ta,„y,S)V(‘3f (69) 

< A7fj-(/f,r)|12 > = P'">'‘‘'"'’(P(.24))TS';_3).d?„yP(i2))d[bd[T(S)’4S 

< KK;.(K’^)\32 > = 

-f7^(7, P^L (p,334) ) P'">"‘'“7P(34) )«Tt2).d[)y(S) V,TT1 ) 

< KiqqpK)\l 2 > = P'">'‘‘'"'’(P(.24,)TS’._3,„Pi)L7P(12))di7l[ib(S) Vg 

-P<^l'‘''^‘’(p,.34))TSbl)..b?.3(P(34))tS7t[[h(5)h(S). (72) 

< KK;qpK)\32 > = 7'J^7P)tA3(P(.24))P'"'"‘’"7p(.2))dl)<.4a)y(‘S)V(‘2'’i, 
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( 73 ) 


The formulae for ip KK' with K' the excited 0 state and K' K*ti or pK or KqTt 
are 


< KK'{K*7r)\10 > 
< KK'{pK)\10 > 

< KK'{K*7r)\10 > 


^(1)/. 7(1)!3 7(1) AK') AK*) _ ^(1)m 7(1)17 7(1) AK') AK*) 
{K''i)^K*A^{l2)vJ {12A)J [12) {K'lyK*2^{‘iA)uJ {2‘iA)J {M) ’ 

rpiyr- r(l)!77(l) f{K') r-ip) _ rp{p)p 7(1)!77(1) f{K') p(p) 

-‘-{K''i)^pl ^{2A)uJ {12A)J {2A) -‘-{K'lyp'^ (2A)i/J (23A) J (2A) ’ 

rpiyp f{^') f(-^o) _ 'pippp f{^') f(-^o) 

{K'3)J (12A)J (12) {K'1)J (23A)J (3A) ' 


(74) 

(75) 

(76) 


2.6 Tp pir^TT TT+TT ^ K^K TT'^TT TT^TT 


As for the ip —> 07 r’'' 7 r“ channel, the dominant intermediate states are also (pfo and (pf 2 - 
The /o resonances decay to 7 r’'' 7 r“ 7 r’'' 7 r“ usnally through aa and pp; and /2 resonances 
decay to 7 r’'' 7 r“ 7 r’'' 7 r“ usually through aa, pp and /2(1270)(T. We assnme a similar notation 
to the Ip —> (pTi^Ti~ case and number the additional as particle 5, 6 . Then the 

corresponding partial wave amplitndes involving fj aa are: 


< 0/o|Ol >(<^^) 

< 0 /o |21 >(,,,) 

< 0 / 2101 >yy 

< 0 / 2121 >(,,,) 

< 0 / 2122 >(,,,) 

< 0 / 2 123 >(^„) 

< 0 / 2 143 >(^^) 


fA) fA) 

1(34)/(56) 


r(i)/4 A<t>) Afo) 

^(12) J{12)J{aa) 

rp{2)fiur{l) r{4>) fifo) 
^( 0 / 0 ) bl2)!7/(12)/(^^7) 


r(o-) n{a) 

1(36)1(45) 


sA) fA) I fA) fA) 
1(34)1(56) 1(36)1(45) 


t-i(/2)/4!7 , (1) p(rf>) p{f 2 ) 

(aa ) ^(12)uJ {12)j ( aa) ’ 

{2)fiarfi(f2) 7(l)j7 ^(0) f{f2) 


T <yz jfKXrji 

( A. -L / 


nycp) ny 

( 0 / 2 ) (aa)ai'^(12) ^ ( 12 ) J (crcr) ’ 




{<!>) f(/ 2 ) 

((7(7)7Ji^0Tl2)^(12)l(a(7)> 


rp{2)s r I , rTi(f2)y ayyi^ f 

^(0/2)pF7A<Ti7 4( 

aa)6 ^SXau-L (12) JI 

P(3)^“^7^"(pp)Tg} 

(/2) .(0) r(/2) 


rp{f2) j.(l) ^( 0 ) f 

■ (0/2)ap-^ ((7(7)7<5''(12)1/1 (12)1 ( 


)7J 

(/ 2 ) 

((7(7)> 


rp{A)iiu\aAl) rji\J2) £(<P) r( 
((pf2) (aa)Xa’^ ( 12 )'^ 


(77) 

(78) 

(79) 

(80) 
(81) 
(82) 
(83) 


with 

rpU 2 )pi' _ r{ 2 )pu Ay Ay 7{2)pu Ay Ay 

(o-y '^( 1734 (756) 1(34) 1(56) ''(<736<745)1(36)1(45)‘ 


(84) 


For fj pp, if we limit pp to a relative I = 0 state, then the corresponding partial wave 
amplitndes are: 


< 0/o|Ol >(pp) 
0 / 0121 >(pp) 

< 0 / 2 IOI >(pp) 

< 0 / 2 I 2 I >(pp) 


fWP Ay fifo) r fip) Ap) 7(l)aP7(l) I Ap) Ap) 7(1)007(1) 

''(12) 1 (12)1 (pp) [1 (34) 1(56)''(34) ''(56)o0 “I" 1 (36) 1 (45)''(36) ''(45)a0j ’ 

fp{2)pv7{l) Ay Afo) r fip) fip) 7(1)007(1) I Ap) Ap) 7(1)007(1) 
■^(0/o) ^(12)1/1 (12)l(pp) [1 (34) 1(56)''(34) ''(56)o0 1(36)1(45)''(36) ^iA5)ap 

/T-l(/2)/7177(l) .f( 0 ) ^( 02 ) 

^(pp) 012)1/1 (12) l(pp)i 

7p(2)parpif2) 7(l)i7 ^(0) fif2) 

( 0 / 2 ) (pp)o!/''( 12) 1 (12) 1 (pp) 1 


(85) 

( 86 ) 

(87) 

( 88 ) 
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< 0/2122 >(pp) 

< 0 / 2 123 >(pp) 

< 0 / 2 143 >(pp) 
where 


, ^(2)5 


r, rp(f2)^l rjnif2)^-\ a £i<f>) r{f2) 

[t^\av-L ^pp)S -T (pp)T,JP^r(12)/(12)/(pp) ) 


(PP)<5 
m(/2) r{i) 


J, 


(pp) 7J^V'''(12). 
(•Ji) y(/2) 


{4>f2)a0 {pphS {12)uJ (12) j (pp) 

rp{4)pu\arA) rp{f 2 ) r{4>) f(/2) 

^(</./2) 012)i2-t(pp)A<7i(12)i{pp) 


(89) 

(90) 

(91) 


rp{f2)pi' _ 
^ (PP) 


p{2)p!2a/3/ nLCI) y.(l) ^(p) ^(p) I y-(l) y-(l) fCp) /(p) 1 /'OO') 

W 2 J [''(34)a056)/3J(34)i(56) ^ 036)«045)/3^(36)^(45)J • 


For 02 —/2(1270)(J, if we also limit /2(1270)(T to the I = 0 state, then we have their 
corresponding partial wave amplitudes: 


< ^Aioi = r,'«rdh/(S, 

^ Af loi ^ _ n^{2)parj^{f2) AA^ fiA) x(/2) 

< (p/2|/i >(/2a) - ^(</,/2) ^(/2<7)Qi/^(12)/(12)/(/2a)i 


(93) 

(94) 

< 0M22 (85) 

< 0M23 = P'’>"“'^'"(p*)tV7)«/tft77ldh/(S/7£). (86) 


^ |/|Q ^ _ rpl^ipnAo- , (1) rp(f2) fiA) p(/2) 

< W2|113 >(/„t) - 1(12)1.1 (/,„)AA/(12)/(/aA) 


(97) 


with 


T) 


if 2 ) pi' 


{/20') 


= 7’®'“'“'’(Pft) 


J.(2) p(/2) p(f7) I 7(2) p(/2) p{f7) 

''(34)o/3J (34) f (56) “I" ''(56)a/3J (56) 4 (34) 


_I_J.(2) p(/2) p(o') I ,(2) p(/2) p(f7) 

■'■^(36)a/3/(36) 7(45) “I" ^(45)o/37(45) 7(36) 


(98) 


Unlike the 0 —> 07r’''7r channel, for ip it is possible to go through 0 

resonances [j]*) decaying to 7r+7r“7r+7r“ through pp. The corresponding partial wave is 

U'. = €'‘""«d),„tOy„p*;,£,,„pJpJpJp?[/(4/«|Bi(Q^4)Bi(QAA6)Bi(Q,-««) 

-/()’6)/(4llBl(0p36)Bl(ep45)B.(02-««)|. (99) 


Besides partial wave amplitudes given above, for 7r+7r“7r+7r“ hnal states, there are 
many other possible intermediate states, such as a27r, OiTT, 7r(1300)7r etc. Before perform¬ 
ing partial wave analysis, one should check various invariant mass spectrum to see what 
resonances are present in the data and add the corresponding partial wave amplitudes. 


3 Formalism for radiative decay to mesons 

We denote the 0 polarization four-vector by 0^(mi) and the polarization vector of the 
photon by ey{m 2 )- Then the general form for the decay amplitude is 

A = pjp{mi)el{m2)A>^^ = 0^(mi)e* (m 2 ) ■ (100) 
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For the photon polarization four vector with photon momentum g, there is the usual 
Lorentz orthogonality condition = 0. This is the same as for a massive vector meson. 
However, for the photon, there is an additional gauge invariance condition. Here we 
assume the Coulomb gauge in the ip rest system, i.e., = 0. Then we have [13] 

*/ \ / \ I K-K _ (-L-L) 

^ -^ 

with K = p-^ — q and = 0. The radiative decay cross section is: 

^ mi=l 
1 2 

- V 4 

— 9 ^ 

^ ^l=l 



= -5 E AiA* E c/rkF’y'"'' ^ E Pv ■ Fv 

i,j /i=l i,j 

( 102 ) 

where 

P,, =F-i =A,A-, 

(103) 


F., =7 = E'ArkTy'"''- 

(104) 


^ /.=! 


Due to the special properties (massless and gauge invariance) of the photon, the num¬ 
ber of independent partial wave amplitudes for a ip radiative decay is smaller than for 
the corresponding decay to a massive vector meson. For example, for tp —> pfo, there are 
two independent partial wave amplitudes with orbital angular momentum L = 0 and 2 , 
respectively, which give different angular distributions; but for tp 7 / 0 , with the gauge 
invariance condition, the two amplitudes will give the same angular distribution. So for 
the tp radiative decay, the L-S scheme is not useful any more for choosing independent 
amplitudes. One may simply use momenta of the particles to construct covariant ten¬ 
sor amplitudes; it is sufficient to check the helicity amplitudes to make sure there is the 
right number of independent amplitudes. From the helicity formalism, it is easy to show 
that there is one independent amplitude for tp radiative decay to a spin -0 meson, two 
independent amplitudes for tp radiative decay to a spin -1 meson, and three independent 
amplitudes for tp radiative decay to a meson with spin larger than 1 . 
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3.1 'ip radiative decay to two pseudoscalar mesons 

We denote the two pseudoscalar mesons as 7 r+ and n~. For the decay vertex 'ip —>• jfj, 
there are two independent momenta which we choose to be and the momentum of the 
photon q. We use these two momenta and spin wave functions of the three particles to 
construct the covariant tensor amplitudes. 

For tjj —> 7 / 0 , the can only contract with since = 0; hence there is 

only one independent amplitude: 


77 = 77 '*’. ( 105 ) 

For Ip —> 7/2 or Ip ^ 7 / 4 , the may contract with tp^ or with the spin wave function 
of fj. Then tp^ may contract with e^, or or the spin wave function of /j; this gives 
three independent covariant tensor amplitudes for each fj: 

7^4)3 = .)/'*>, 

744 ). = 

744)2 = 9'“'d4p4Jp>#^*-.(C*7/4)/**’. 

74/4)3 = 7«i4''7i44^*-.(c»3/4)/'*’ 

where 

m 

= ( 112 ) 

with J = 0,2; here represents the relative momentum between two pseudoscalar mesons. 

We use p^ instead of g to contract with because qi^J^ = p^i^B) p^ has only 
a time component in the ip rest system. This makes the calculation simpler. 


(106) 

(107) 

(108) 

(109) 

( 110 ) 
( 111 ) 


3.2 Ip 77777”*'7r 

This is a three step process: tp —> 7 X with X ^ yz and y ^ ttti or y ^ pn. The 
amplitudes are listed using the notation: 

<pJ^^\{yz)i> (113) 
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where J,P,C are the intrinsic spin, parity and C-parity of the X particle, respectively. We 
denote 7r+, n~, rj as 1,2,3, respectively. The possible for X are O”’*', I’*""'', I”"*", 2++, 
2 3 etc. For invariant mass below 2 GeV, we consider J up to 2. For ip yX, 

we choose two independent momenta for ip and q for the photon to be contracted with 
spin wave functions. 

For the ip vertex, there is only one independent coupling, ef^^xaip^^^q^PPp- 

With various possible yz states, we have for ip —> y0“ —yTr+TT” as follows: 


< 70 “+1 (/oh) 1 > 

< yO“+|(ao7r)l > 

< y 0 “+|(/ 2 h)l > 

< y0"+|(a27r)l > 


+47), 

c n (D ') f (/ 2 )r( 2 ) r(2)7<5 

q U (Cl G f (“ 2 ) 7 ( 2 ) F2)7(5 . Aa2)7{2) 7(2)7<5'l 

''(a22)7(5''(13) 1(23)''(a2l)75''(23) J 


with S^i, dehned as 


SfjLu ^fJ'i'a/SPiljq^ ■ 


For the ip —> yl’*"’'' vertex, there are two independent couplings for each yz. 


(114) 

(115) 

(116) 

(117) 

(118) 


<yl++|(/oh)l> 

< yl++|(ao7r)l > 

<7l++l(/oh)2> 

< yl++|(ao7r)2 > 
<yl++|(/ 2 h)l> 

< yl++|(a27r)l > 
<yl++|(/ 2 h) 2 > 

< yl’^+|(a27r)2 > 


W/3hy4ib)45)> (119) 

W/3Py(^liiV(23t + ^'(aiVlS)’ (120) 

h.^.htlX^2(gy7x)4§, (121) 

g,^.7i?2(gy7x)[t[;iV(23) + ^K2)/(i“3)]’ (122) 

^IJ.iyal3P‘^9x'^\l2)'rS^[7j^f2)fil2) ’ (123) 

, „«~/37rr(2) 7(1)5 r{a2) . 7(2) 7(1)5 n{a2)i (194) 

F(13)75^(a22)/(13) + ^(23)75^(a21) 1 (23) J 

QB.Syyg'x i{i2)i3’a'i\^j^^-^B2{Q^jx)fluy (125) 


n Q n (C ) 7(^( 7(1)“^ f(“2) _|_ 7(2) J.(l)“^ f(“2)] 

q^.'^upyx -°2(vy7Xj P(i 3)/3 /q/1(^22) 1(13) “I" ^(23)/3'Q'^(a2l)l(23) J 

(126) 


where g'pf = y"^ — . For !+■*■ decaying to f 2 P and a27i, the orbital angular momentum 

Px 

I could be 1 and 3; but we ignore the I = 3 contribution because of the strong centrifugal 
barrier. 

For Ip —> yl“^, the exotic 1“^ meson cannot decay into /oh and oott. We have four 
Up^ amplitudes here: 


<71 ^|(/ 2 h)l> = 


(127) 
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< 7l“+|(a27r)l > = (13) (128) 

<7l-+|(/2r/)2> = q,e,fS,5K^i^Sh/^)JiS (^29) 

<7l-+|(a27r)2> = g;.e,;375^^[^lS"^l?3v/a3t + (130) 


For tjj —> 72 ++, there are three independent couplings and two possible yz states, /27 
and a 2 vr. 


<72++|(/27)1> 

< 72++|(a27r)l > 
<72++|(/27)2> 

< 72’^+|(a27r)2 > 

<72++|(/27)3> 

< 72’^+|(a27r)3 > 


d( 2 ) 


r( 2 )A Ah) 
''('1 J ( 


(»?/2)7 (12)5 


t 


(2)A 


( 12 ) 

(“ 2 ) 


fVa2) I 7(1) 7(2)A ^(a 2 )i 

7a2l)7''(23)5^(23) ''(a22)7''(13)5^ (13) J 

w>;77,AA)B2(Q«ix)£VA^C)‘(S'hai,’. 

f(i) 


dfiuPipPil)-^ Xaaf3\ 


f" 

^75a' 
r(2)o'A ^(a 2 ) 


7(1) 

7a2l)5''(23) 


7(2)o'A .(a2) 
J(23) 






(D* 


(131) 

(132) 

(133) 

(134) 

(135) 


n j.(2)a'/3 ^(a 2 ) I ,(1) ,(2)o'/3 ^(< 12)1 n \ 

r(a2l)5^(23) /(23) ^(a22)5^(13) J(13) J-°2(V 77 WJ• 

(136) 


For > 72 we have 


< 72 ^|(/oh)l > 

< 72“+|(ao7r)l > 
<72-+|(/o7)2> 

< 72“+|(ao7r)2 > 
<72-+|(/o7)3> 

< 72"+|(ao7r)3 > 

< 72“+|(/27)1 > 

< 72“+|(a27r)l > 

<72-+|(/27)2> 

< 72“+|(a27r)2 > 
<72-+|(/27)3> 

< 72“+|(a27r)3 > 


ef,uayppfff^] Bi , (137) 

+ ‘villas)’}?-'-®' 

S,,„P*7P*J /(I*) (<3*7X ), (139) 

VP«7P*d*(7l7(23) + (140) 

9,-S.-tP#{Ci 7(S) + «(S7d3)>3(Q»77f). (142) 


777PP77A‘"''’^'"'’'(A')*ah.y/(;i)l*i(‘?«7-*) (143) 

(144) 

VP>*A))7.(A)d7‘'/(‘/l,'B3(«*73t), (145) 

VP>*A))7,(A')B,(0^x)|«|(f7,5,’ + ®'7,‘S)’l. (146) 

?„S„7P*7AF)*'P(A')i77,,,/IA'B3(0»,x), (147) 
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with defined as in Eq.(118). 


3.3 'ip ^KKtt 

Possible intermediate channels for this process are K*K,KqK, aQTT,a 2 TT. The formu¬ 
lae for KqK, aQ7r,a2TT intermediate states to the KKti final state are the same as for 
the ttoTT, a27i, foT], / 2?7 intermediate states given in the previous subsection for the 7r~^7r~ri 
final state. So here we only give partial wave amplitudes with K*K intermediate 
states. We denote K,K, n as particle 1,2,3. 


< 'yO-+\{K*K)l > 

< 'yl++\{K*K)l > 

< 7 l++|(iP*iP )2 > 

< 'yl-+\{K*K)l > 

< 7 l-+|(iP*iP )2 > 


7(l)A.(iC*) 7(2) ra)XAK*h 

713)1(13) ''(ii'*K)A723)l(23) J’ 


€fj.ua/3PiP [^(23^/(23) ^ 

(lfjSu/3B2{Qip-yx)[i\^23) f{23)^ + ^(13^/(^13) ’ 

^ r. rr(i)7 r(i)<5 AK*) 7 ( 1)7 r(i)<5 AK*h r (n ) 

1(13) ^{K*Ky {23) J {23) 


)h(iC*ii')A''(13)l(13) 

,7{l)l3AK*)j 
+ ^(13)1(13) J 


(149) 

(150) 

(151) 

(152) 




3.4 Ip 77 r"^ 7 r 

Listed here are formulae used in Refs. [8, 14]. 


< 70 ^Ipp > 

< > 
< 70’''^|pp > 

< 70^’''|7r7r'(7r(T) > 

< 70’'"^|7r7r'(7rp) > 


< 70’'"^|7rai(7rp) > 


.S/.^e^.^AaPlP^PsPl ^1 (<5P7^) [/( 1 I)/(S)(<5pl2)(gp34) 

-Bl(gx(12)(34)) - /(M)/(^32)-Bl(gpl4)ill(gp32)i?l(gX(14)(32))], 

rn{a) n{a) n{a) rA) 

1/(12) 1(34) + /(14)/(32)Ji 

9[f{12)f{U) i9{l2) ■q{3A))Bl iQpl2)Bi {Qp3i) + 

/(%/(^32\(^(14)'y(32))-Bl(gpl4)-Bl(gp32)], 

9^lAfA23)U(l2) + /(sl*)) + f(23l)(f{23) + f{34)) + 

n{n') J n{cr) n{a) X n{n') J n{cr) n{cr) N-j 

/(143)U(14) + j{34)) + /(214) 1/(21) + /(14)hi 

ypii[/(l’23)/(^12)^(12)a(P3 “ P(12) )“-Bl (gTr'ps)-^! (gpl2) + 
f{23l)f{23)9i23)'r{P4 “ P(23))^-Bl(^ 7174 )/?!(gp23) + 

+{1 ^ 3} + {2 ^ 4} + {1 ^ 3 & 2 ^ 4}], 


9,.4dbP(i2s))p7a2)/(S)/a1)-Si(«x„4)Bi(0,i2) 

+ A]j(P(2U))Pl<l[Af(234if(2lAliQxail)Bj{Qp2'i) 


(154) 

(155) 

(156) 

(157) 

(158) 
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+{1 ^ 3} + {2 ^ 4} + {1 ^ 3 & 2 ^ 4}], (159) 

<72++|(|/|/)1> = (160) 

<72++|(|/|/)2> = g,,py^X%^^B2{Q^x,), (161) 

<^2++\{yy)3> = q,XZp^B,{Q^x,), (162) 

< 72 ’^+|(/ 2 (j )1 > = + {1^3} + {2^4} + {1^3&2^4}, 

(163) 

< 72 ++|(/ 2 a) 2 > = 

+{2^4} + {1^3&2^4}, (164) 

<72++|(/2a)3> = 

+{2 ^ 4} + {1 ^ 3 & 2 ^ 4}. (165) 


The amplitudes involving X particles of involves a rank two tensor, X^^^K 

The dehnition of this is given below: 

^liu ~ /(*'l2)/(W) B2(Qx(12)(34))d?.»(-^)(P7) - P“34))(pf,2) “ Pfs4)) + (2 « 4X166) 

= /,tl44-Bi(Qpi2)B.W,34)7Jh(-fl’)d2)dip{2w4} (167) 

where L = 2 decay for X —*> pp is ignored in view of the centrifugal barrier suppression. 

From the flux tube model for hybrids, !“■*■ hybrids with 1 = 0 decay dominantly into 
47r through oitt. Then the 'ijj —> 77r’''7r“7r’''7r“ is an ideal place for hnding 1 hybrids. 
With high statistics data at BES and CLEO-C, one should look for the iso-scalar 
hybrid in this channel. Here we add the formulae for I”’*' hybrid production. 

< 7l-+|[7rai(p7r)]l > = 

+ P^^P'^{p(^2.3i))if23hfl23l^ + {1 ^ 3} -h {2 ^ 4} 

+{1^3&2^4}, (168) 

< 7l-+|[7rai(p7r)]2 > = q^P^^y {p(^^23))i^(i2)^f^^^^ 

+ P^^'^^'^{p(23A))if23)-if(2U)f^^^^ + {1 ^ 3} + {2 ^ 4} 
+{1^3&2^4}. (169) 


3.5 ip Ti^TT 

We construct the amplitudes with a notation similar to the previous subsection for 
the tjj —> 77r’''7r“7r’''7r“ channel. Here we denote K'^,K~,x~ as 1,2,3,4. 

< 70-+IA-/?- > = s„„6^«,p]p737n,T’/(5',‘’ 
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< > 

< 70 ++|if*ir* > 
< > 

< -il++\{K*K*)l > 

< 7l++|(ir*ir*)2 > 

< ^1++\{K*k)1 > 

< 7l++|(ir*K)2 > 

<72++|M1> 

<72++|(|/;2)2> 

<72++|(|/;2)3> 

<74++|(|/|/)2> 

< 74+’^|(|/|/)3 > 

< -i2-+\{K*K*)2A > 

< -i2-+\{K*K*)2B > 

< -i2-+\{K*K*)?,A > 

< -i2-+\{K*K*)?,B > 


-Bl((577X)-Bl(Qii'*14)-Bl(Qif*23)-Bl(Qx(14)(23)), 

(170) 

f(A fiA 
y/i!^J(14) J(23)’ 

(171) 

^ f(i)«r(i) AKA AKA 

y/i!/''(14)''(23)aJ(14) i(23) ’ 

(172) 

^ rfii) r(i)ap(KAp(A , r(i) 7(i)a AKA AA i 

y/i!/fi(if*^)al(14)/(14) J(23) (K*K)a^ (23) J (23) /(14)J> 

(173) 

[ 2 ^) V(5)*\ 

(174) 


(175) 

j;i)5 /f(j)* ^ 4 I) 

, r(i) r(i) AKA AA i 

'^^(K*k)A(23)&J (23) /(14)j> 

c rr(i) r(i) f(K*) p(A 

y/i*Ji/Qfc PA:/3P(if*^)7l(14)5/(14) /(23) 

(176) 

4"^(X*k)7^(23)5/(23) V(14)]-®2(Q77X), 

(177) 

vAA 

(178) 

97iuP'^PA^%"^B2 {Q),^X ), 

(179) 

q,p%X^:^B2{Q^,x). 

(180) 

Z^i^P^pm^Qp'rX), 

(181) 

ai^vPipPAPlPi’ ^S^4 (<377^) > 

(182) 

QT^Zj^^aPip'^Pm iQ^'rX), 

(183) 

^fjLua/jPxj)-^ P'ij)\B\{C^-ijj'^X)i 

(184) 

^ftuaf^PtpB P')p\Bi(^Q^^x)j 

(185) 

S^i/-A PipxPiptjB^i^Qip^x)-) 

(186) 

PipxPip(jB^(^Qip^x)i 

(187) 

QfiSi/'jA'^ PipsB^i^Q^pyX)') 

(188) 

Qfi^iyyB^ P'?/;5-S3 (Qv’7^) 

(189) 


with defined as Eq.(118). The amplitudes involving X particles of = 2+ involves 
a rank two tensor, The definition of this is given below: 


v(kk) 

fiiy 

XiK*K*) 

fll/ 

v{K*k) 

fll/ 

^a(3^6 


7 ( 2 ) p{k) p{k) 
^(kk) 7 lvJ ( 14 ) J ( 2 ^)^ 


p{2) 

^ fj-vafS 


11 ( 14 ) 1 ( 23 ) 


p(K*) 

4(14) 


P(K*) 

J( 23 ) ’ 


p{2) 

^ ^luaf} 


mi 


■( 1 )« f ( l)/9 

(K*R)^(14) 


P(K*) 

4(14) 


f(A 

4(23) 


r ( l)a r(l))i p(K*) Ak) . 
‘'(K*k)''( 23 )J ( 23 ) i ( 14 ) j ’ 


r ( 4 ) p(k) p(k) 

^{K,K)a.( 3 '~^ 6 J ( 14)*4 ( 23 )’ 


(190) 

(191) 

(192) 

(193) 
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y(K*K*) 
^ a(3'^ 5 


(194) 

(195) 

(196) 


BfMU 


p(4) 

afj'fSa' f3''y' 5' 


. ^Nf(2)a'/3' 7(1)7'f(l)5' 
)^(K*K*y{U) ^(23) 


AK*)AK*) 
1(14) 1(23) ’ 


p(2) 

^ fiyaa' 




(x*_ft:*)i(i4) 




(i^*) 


.(il*) 
1(23) ’ 




(!)«' 
(23)(5''(14) 


\ f{^*) f 
JJ(14) Ji 


(K*) 

(23) 


where corresponds to 2“+ — K*K* with L = 1 and S = 1, corresponds to 
2“+ — K*K* with L = 1 and S = 2. We ignore 2“+ — K*K* with L = 3 due to a strong 
centrifugal barrier. 


4 Discussion 

Here we add some points of general technique in htting data. The hrst concerns the fact 
that tensor amplitudes are not always unique. As an example, in J/ijj —> 7 / 2 , there are 
three independent helicity amplitudes. But the general formalism allows one to write down 
hve covariant tensor amplitudes. Those hve are independent in the process J/i/’ — ujf 2 , 
but for the radiative decay, gauge invariance makes two of them dependent on the other 
three. Two further linear combinations differ from the first three only by different s- 
dependence arising from the momentum dependence built into the tensor expressions. 
Chung [11] recommends using all hve combinations, so as to retain the differences in 
possible s-dependence. However, this gives rise to a practical problem. 

One is usually htting resonances such as the /2 to data. If two of the amplitudes diher 
from the others only in s-dependence, this is equivalent to putting into the numerator of 
an /2 Breit-Wigner amplitude a linear combination of two s-dependent terms with two 
free parameters. This may lead to a zero amplitude at the resonance mass and can give 
rise to structure which may he 500 MeV or 1 GeV away from the f 2 ] it may be easily 
confused with the ehects of other resonances. This is illustrated in Fig.l for the amplitude 
squared |Tp taking as an example J/ip —> 7 / 2 ( 1700 ) — 'yKK. For the solid line, we use 
T = Ql^fB 2 {Q^^f)/{Mj -s- iMfVf) with Mj = 1.7GeV and Tf = O.lbGeV; for the 
dotted line which lies very close to the solid line, we use T = 30.3*Q^^fB4{Q^^f)/{M‘j — 
s — iMfTf). The two different s-dependence numerators give a hardly visible difference 
in line shape of / 2 . But if one allows two s-dependent terms in the numerator with two 
free parameters, the ridiculous shape (dashed line) could happen for a single resonance 
/2(1700); in this illustration we use has 20 [Q‘^^jrB2{Q.,p^f) — 30.3(5^.^ji?4((5^.y/)] in the 
numerator. Although theoretically this possibility cannot be excluded, it is very odd and 
in practice one may end up fitting other 2 '^^ components far away from the /2 resonance 
mass with the / 2 . One therefore should be very careful in drawing conclusions from a £t 
using more than the minimum number of amplitudes with different angular dependence. 

\n J/ip radiative decays, the cc pair annihilates to gluons. This requires a short-range 
interaction with a range of order l/rric, where nic is the mass of the c quark. Therefore 
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Figure 1; Distortion on Breit-Wigner amplitude squared by the s-dependence numerators: 
with (solid line), with (dotted line), 20 [Q'^^fB 2 {Q^jf)- 

30.3Q^^fB4{Q^^f)] (dashed line). 
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the centrifugal barrier for J/tjj ^ 7 X is strong. Some production with L = 1 is observed 
(at momentum transfer < 1 GeV/c), but we hnd little evidence for L > 1. 
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